The Nonlinear Schrödinger (NLS) equation is widely used in everywhere of natural science.
soliton laser [7] . Furthermore, the NLS equation is widely used in ferromagnets with easy-axis anisotropy, molecular chains, nonideal Bose gas, nuclear matter, solid state medium, gravity waves, optical lattice, Bose-Einstein condensations, and so on [8] .
The multiple soliton solutions of the NLS equation have been given by many authors via different methods, say, the Hirota's bilinear method [9] , the Darboux transformations (DT) and/or the Bäcklund transformations (BT) [10] . Using the DT and BT, in principle, one can obtain a new solution from a known one. However, in practice, one can only find multiple soliton solutions stemming from simple constant solutions. It is rather difficult to find new explicit solutions starting from nonconstant nonlinear waves such as the cnoidal waves and Painlevé waves via DT and BT. In Refs. [11, 12] , the mutisoliton complexes on a cnoidal wave background have been studied by the DTs for the multi-component NLS equations, the sine-Gordon (SG) equation and the Toda lattice. Recently, it is fount that combining the symmetry reduction method and the DT or BT related nonlocal symmeries [13] , one can readily find the interaction solutions among solitons and other nonlinear excitations including the cnoidal waves for the KdV [14] and KP [15] equations. In this Letter, much more simple and effective methods are proposed for the NLS system while they are valid for any integrable systems.
As an illustration of our new methods, we consider the NLS equation as the special case of the Ablowitz-Kaup-Newell-Segur (AKNS) system
with q being a conjugate of p, i.e., q = p * .
To find significant interaction solutions of the AKNS system among solitons and other types of nonlinear excitations, we directly write down the following theorem:
Theorem. If w is a solution of
is a solution of the AKNS system (1) with the consistent conditions for the 'phase' u
The consistent condition u xt = u tx of (4) is nothing but (2) .
To prove the theorem, we can use two very simple ways, the truncated Painlevé analysis and the tanh function expansion method. The Painlevé analysis is one of the best approaches to study and solve special solutions for nonlinear physical systems. The function (especially the tanh function) expansion method is usually used to find traveling wave solutions of the nonlinear partial differential equations.
Actually, the latter can be considered as the special case of the truncated Painlevé expansion approach.
Using the standard Painlevé analysis, it is straightforward to find the following Lemma:
is a solution of the AKNS system (1) with the consistent conditions for u
Because both the quantities φ t /φ x and {φ; x} are Möbious transformation
invariants, the Schwarzian AKNS (and NLS) equation (5) is invariant under the Möbious transformation (8) .
Using the Lemma and the following straightening transformation,
the theorem is proved.
We call the transformation (9) as the straightening transformation, because it transforms the single soliton solution of the Schwarzian AKNS (5) and then the AKNS (1) to a straight line solution w = k 0 x + ω 0 t. It is obvious that the solution expression (3) is the generalization of the usual tanh function expansion method. Actually, the transformation (9) converts the usual truncated Painlevé expansion approach to the most general extension of the special tanh function expansion method. Now, the only left thing is to find the interaction solutions of the Eq. (2) with respect to w or equivalently the Eq. (5) regarding φ. The theorem reveals that the single soliton (or solitary wave) solution of the AKNS system (1) is only a straightened solution w = kx + ωt of Eq. (2). This fact hints us that to find the interaction solutions between solitons and other nonlinear excitations, we need only to find solutions in the form of w = k 0 x + ω 0 t + v where v is a function of x and t. Here, we just write down the soliton-cnoidal wave interaction solution for {w, u} equations (2) and (4) 
where {u 0 , m, n, k 1 , k 2 } are arbitrary constants, other two arbitrary constants related to the initial center positions of the soliton and the cnoidal wave have been removed, and
In the solution (10), sn(z, m) is the usual Jacobi elliptic sine function and E π (ζ, n, m) is the third type of incomplete elliptic integral.
Correspondingly, for the physical quantity, the strength of the AKNS fields {p, q}, I ≡ pq (i.e., I = |p| 2 for NLS), we obtain
where w is given by (10), S ≡ √ n + 1sn(kx+ωt, m), C ≡ √ n + 1cn(kx+ωt, m),, and D ≡ dn(kx+ωt, m).
The soliton-cnoidal wave interaction structure expressed by (12) with (10) 
at the initial time, and its time evolution is explored in Fig. 2b . It is seen from Fig. 2a that for small m (here m = 0.9) the cnoidal wave is different from the soliton lattice. However, the interaction between the soliton and every peak of the cnoidal periodic wave is also elastic with nonzero phase shifts. at times t = −10, 0 and 10, respectively. It is remarkable that if the parameter 0 < n + 1 < 1 is fixed smaller and smaller in Figs. 1-3 , then the relative depth of the gray soliton lattice is shallower and shallower compared with that of the single non-lattice soliton. 
It is clear that the optical soliton lattice (cnoidal wave) can also be static. In Fig. 4b , the moving soliton elastically interacts with every static lattice with the same shift phase.
It is not surprising that when m → 1 in Eq. (10), the soliton-cnoidal wave interaction solution reduces back to the two-soliton solution, whose interaction behaviors are displayed in Fig. 4 
To sum up, the NLS system is studied by establishing two quite simple but equivalent methods, the truncated Painlevé expansion approach and the generalized tanh function expansion method, to find interactions among different nonlinear excitations. Especially, the soliton-cnoidal wave interaction solutions (12) with the parameter selections (14):
(a) The special structure at t = 0; (b) The density plot for time evolution.
are explicitly expressed by Jacobi elliptic functions and the third type of incomplete elliptic integral. To extend the known method to discover new phenomena in nonlinear physics, the key point is the straightening transformation (8) which straightens the single soliton to a straight line solution and transforms the truncated Painlevé expansion to an extended tanh function expansion method. The methods are valid for all integrable systems and or even nonintegrable models because both the truncated Painlevé analysis and the tanh expansion method can be used to find exact solutions of the partially solvable nonlinear models. The theorem (and the Lemma) can be used to find interaction solutions between solitons and any other NLS waves. However, for simplicity, only the soliton-conidal wave interaction solutions are discussed in detail. It is found that the soliton-cnoidal interaction solutions possess abundant structures.
The nonlinear mediums described by NLS system themselves possess optical static or moving soliton lattice excitations, the cnoidal wave solutions with the modula very close to 1. Every soliton on the soliton lattice elastically interacts with traditional solitons with the only phase shift effect. In general, the cnoidal waves with smaller modula are periodic solutions which do not have localized structures.
However, every peak of the cnoidal waves also elastically interacts with solitons with phase shifts.
The methods and what obtained in this Letter are valid for all the integrable models. The details on the methods for other nonlinear systems, other types of interaction solutions, other methods to solve (12) with (17).
